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Today start a new unit : algorithms for graphs .

Why graphs? They are a powerful abstraction .

Ex : . coloring maps
• scheduling constraints

• web graph (n 109 vertices each with 102 edges )

• connectome Into
"
vertices each with heh edges)

• Bitcoin transaction graph
• social networks

• road maps



GMPHREPRESENTATi0N# n :=lVl
,
m let

A graph is a pair ( VIE ) where V is the vertex set and EEVXV is the edge set .

• undirected graph : ⑦ • directed graph : y①⑤⑤⑤ ⑨¥
edge relation is symmetric

You can represent a graph via :
j

① adjacency µ, f-
- iimjyegqignxn

② adjacency La -- It 3. 7,5 , "

matrix list 372,5 , t

mij
-

- le> lisj)EE ;

Tradeoffs between representations :

space ( a.DEE ? neighbors (u)

matrix 01h12 ) OCI ) OCM )
-

list OCIEI ) Ocdegree) ocdegree )

Today we study ARAPH-GNNECIEIY.IE .g.
which parts Aaarereachablefnmrev ? )



The Explore Procedure

consider this recursive exploration procedure : explore (G , v) :
• visited Iv) : = true

• for each Cv
,
u ) E E :

( if not visited LUI : explore Ca , u)

En : visits every vertex reachable from V

pref : Suppose there exists at V that is teachable from v but is NIT visited .

Look along any path from r to a : •÷#•
a

let z be the first unvisited node, and w the (visited) one before it .

When explore (h , w I was run , it would have run explore Ca , z) .

This is a contradiction so a was visited . DM

✓ 1

Ex on undirected : ① ①
.

I l l i
⑨- ② 430-⑥r

I 2 /
3

⑤ ⑧y



Depth - First Search (DFS ) [ undirected case ]

To visit the whole graph G we use :

DFS Ch) : I
. For veV : visited Erl false
2
. For ve V : if not visited Lv ) then explore (G,v )

claim DFS runs in time 0 ( IntlEl )

Recursion would yield a sloppy bound .

DFS is Kaursire not due to Divides conquer but due to stack.

A more precise accounting is :

• in it vector of vertices is 01M )

•

go over each vertex ( OCWI ) ) and maybe explore it

Observation : an undirected edge ( i.j) E E is examined twice fin explore (G, i ) and explore (6,jD
=D OUED work in explorations



Connectivity [ undirected case ]

A graph is connected if every pair of vertices are connected by a path .

The connected components are the subgraphs induced by this equivalence relation .

Q : how to find connected components ?

CC Ca ) :

I . For ve V : visited Iv ) : = false explore (G , v) :
ccnvmEv) :=L . visited Iv] : = true

2 . CC : = 0 . ccnvm [v] :-. cc

3 . For VE V : . for each Cv
,
u ) E E :

if not visited Ev ] : L if not visited Iu) : explore Ca , u)

cc := act II
exploreCair)
/

A connected component consists of verticeswithawe .

(They are the vertices within the same tree in the forest of trees induced by exploration .)

The running time is 01 Nlt IED .



Tracking time in DFS

Maintain global clock of exploration , marking for each vertex the first discovery and final departure .

DFS Ca ) : explore (G , v) :

I
. For VE V : visited [ v] : -- false . visited Iv] :-. true

pre Iv) :=L , post [v] :=L
•

pre [VI :c clock

• clock tt
2
. clock :-- I

• for each Cv
,
u ) EE :

3
. For VE V :

if not visited Er ) then explore Cair) -
Lif not visited IN : explore Ca , u)

• post
-

Lv) := clock

• clocktt

For any vertex VE V : v t [ prefer] , post
-

Lv) ]

-

interval on the stack (FILO)



Pre and post numbers determine edge types

Any two intervals are disjoint or nested ( like valid parentheses?
( UNIE E

UNDIRECTED CASE ( quiff. e) DIRECTED CASE

If luv ) C- E : If CU,v1EE :

• tree edge ! ! ! I • tree edge ! ! ! I
part of DFS forest part of DES forest

• forward edge same as above
• back edge f . . - In L J to non-child descendant
to ancestor

a a µ
• back edge { Eu L ? This is impossible :

•

a tree to ancestor

¥013 back,÷?gB 2.5
. cross edge { ? En Tu

t t ! !
< tree

c
c 3,4 to already post- visited 1,8 A

A •⇐
" "

i.back
•

tree
; 6,7 :

I 2,513.1¥.fi
two!

.

"

qq.IM trees
.

ross

3,4 D



Example or directed graph

1,16
⑤ ① ② back

.
- -
- -
→ ← " -

i
-

j backt iii.id:#"s ..
⑤ ⑤ ⑤ : : i

I wd / i'II t i v
.

: v.:
i

. 3,10 ⑤ ! ⑤ 13,14
④ "

÷
.

I "

cross

4,7 ⑤ ! food ④ 8,9
| ! I

5,6 ⑤ -

"
cross

what are pre and post numbers useful for ?

To begin , we recover an algorithm for finding connected components in undirected graphs :

cc Ca ) : -
-

"

Run DFS and then the connected components are according too base level parentheses .
Moreover

,
we can use them for many other tasks , as we see next card next lecture) .



Directed Acyclic Graphs
.

Here acyclic means without cycles .

They are useful to model causalities , hierarchies, temporal dependencies, . . .

claim G is a cyclic ⇒ no back edges in DFSCa)
When Vt is explored,

proofi ① back edge → cycle ② cycle → back edge t
.

it will cause a back

of y cycle ! Say G has cycle u, . . .,Vt , II.yr,
edge From Vt to V. .

| .? !?" and whoa v. is visited first
g.g

.

.

back

d. .: when running DFSCal . Then : j;¥k .

.

! "
wya

The claim directly leads to the following algorithm :

Is DAG (G ) : I
. Run DFS Ca ) to collect pre, post numbers .

Z
.
For each curse E , if Cair) is a back edge then output No . final life

3
. Output YES , poster]> post In]

The running time is 0( Nlt IED .


